RNA molecules cannot fold in the absence of counter ions. Experiments are typically performed in the presence of monovalent and divalent cations. How to treat the impact of a solution containing a mixture of both ion types on RNA folding has remained a challenging problem for decades. By exploiting the large concentration difference between divalent and monovalent ions used in experiments, we develop a theory, based on the Reference Interaction Site Model (RISM), which allows us to treat divalent cations explicitly while keeping the implicit screening effect due to monovalent ions. Our theory captures both the inner shell and outer shell coordination of divalent cations to phosphate groups, which we demonstrate is crucial in an accurate calculation of RNA folding thermodynamics. The RISM theory for ion-phosphate interactions, when combined with simulations based on coarse-grained model for RNA allows us to predict the folding of RNA of arbitrary structural complexity in a mixture containing monovalent and divalent ions. We show that the calculated folding free energies and ion-preferential coefficients for RNA molecules (pseudoknots, a fragment of the ribosomal RNA, and the aptamer domain of the adenine riboswitch) are in excellent agreement with experiments over a wide range of monovalent and divalent ion concentrations. Because the theory is general, it can be readily applied to investigate ion and sequence effects on DNA.
RNA folding | free energy | ion preferential interaction coe cients | Three Site Interaction (TIS) model | Reference Interaction Site Model (RISM) T he lack of a rigorous and thermodynamically consistent D R A F T ≠1e, thus softening the overall electrostatic interactions en-110 abling the compaction and folding of the RNA. Following our 111 earlier studies (2, 3), we include ion condensation e ects for 112 the implicitly treated monovalent ion. Since we treat divalent 113 ions explicitly and monovalent ions implicitly, a thermody-114 namically consistent treatment of ion e ects is needed. As the 115 divalent ion concentration increases, the condensed divalent 116 ions outcompete monovalent ions for the phosphate groups. 117 This occurs because for each condensed divalent ion, approx-118 imately two monovalent ions are released, which is favored 119 because the overall entropy of the system is increased. 120 In the mixed ion system, we assume that one divalent ion re-121 places exactly two monovalent ions, and the total RNA charge 122 neutralized in the process is equal to those in the monovalent 123 salt alone. In other words, if ◊1 and ◊2 are the number of 124 condensed monovalent and divalent ions per phosphate group, 125 respectively, then,
,
with the mean spacing between phosphate charges, b = 4.4 Å, 128 a value used in our previous studies (2, 30). Although a more 129 complicated treatment based on balance between interaction 130 energy of ion-phosphate and entropic e ect is possible (44), 131 we find that this simple approximation works well for a broad 132 range of ion concentrations.
133
A relation between ◊1 and ◊2 can be derived by consider-134 ing the entropic cost of localizing one divalent ion vs. two 135 monovalent ions. By neglecting ion-ion correlation e ects, we 136 obtain:
where e is the Euler's number, Ci and Vi are, respectively, the 139 bulk concentration and the e ective condensation volume of 140 ion i. We calculated Vi using:(42, 44)
where Zi is the bare charge of the ions (Z1 = +1, Z2 = +2), 143 and the Manning parameter, › = l B b . From Eqs. 2 and 3, one 144 can determine both ◊1 and ◊2. Thus, the e ective charge on 145 the phosphate is Q P (T, C1, C2) = 1 ≠ ◊1, considering only the 146 monovalent ion condensation. We account for the contributions 147 from the divalent cations, ◊2, by treating them explicitly in 148 the simulations. The electrostatic interactions involving the 149 P groups are calculated using Q P (T, C1, C2), as the e ective 150 charge on the phosphate.
151
Mg 2+ -P effective potential. In order to compute the Mg 2+ -152 P e ective potential, V Mg-P (r), the potential of mean force 153 (PMF) between Mg 2+ -P derived from the RISM theory has 154 to be modified because it is dependent on temperature and 155 concentrations of both the monovalent and divalent ions. A 156 number of studies have shown that it is di cult to capture the 157 short-ranged electrostatic interactions, which has prompted 158 others to propose several ways of separating the Coulomb po-159 tential into short and long-ranged components (45-48). The 160 short-ranged interactions are usually determined using molec-161 ular simulations. Our approach, which is closest in spirit to a 162 more rigorous treatment by Weeks and coworkers (49, 50), is 163 implemented as follows. The short-ranged part of the V Mg-P is 164 taken to be identical to the PMF, while the long-ranged part 165
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is corrected based on the temperature and salt concentrations. 1 . Effective (Eq. 5) Mg 2+ -P potential (red) constructed by combining the shortranged part of the PMF (grey dashed line) with the long-ranged Debye-Hückel potential (blue dashed line). Calculations of the PMF were performed at 1.0 mM magnesium monophosphate and 25°C using the RISM theory (for details see the SI). The first minimum represents the inner shell interaction, where Mg 2+ interacts directly with the phosphate groups. The second minimum at r ¥ 5 Å represents the outer shell interaction, where Mg 2+ retains its first hydration shell.
Results

200
Determination of the parameters in the TIS RNA model. The 201 two adjustable parameters in our RNA force field are U 0 hb that 202 determines the strength of hydrogen bonds, and G0 that 203 dictates the balance between stacking and hydrogen bonding 204 (details described in the SI). Following our previous study 205 (2), we determined the values of the two parameters by re-206 producing the experimental heat capacity curves of human 207 telomerase RNA hairpin and a viral pseudoknot. The melting 208 temperatures of the two RNA motifs are reproduced well by 209 simulations using the new model (largest deviation is < 5 ¶ C) 210 (Fig. S2 ). In the rest of this paper, we use this set of param-211 eters, coupled with our treatment of divalent ion-phosphate 212 interactions, to investigate the e ects of a mixture of divalent 213 and monovalent ions on folding of three RNA molecules. It is 214 worth emphasizing that the same set of parameters is used for 215 all RNA molecules over a wide range of ion concentrations.
216
Preferential interaction coefficient as a function of Mg 2+ con-217 centration. We first performed CG simulations to probe the 218 binding of divalent cations to the RNA, expressed in terms 219 of the experimentally measurable ion-preferential interaction 220 coe cient, X (where X is Mg or Ca). In the simulations, a 221 single RNA molecule was placed in a cubic simulation box in 222 the presence of explicitly modeled divalent cations. After equi-223 libration, we calculated X using the Kirkwood-Bu integral 224 (57-62),
where gX (r) is the 3-dimensional distribution function of the 227 divalent cations, reflecting the excess (or deficit) of X 2+ relative 228 to the bulk ion concentration, C2, in the presence of the RNA. 229 In Fig. 2 , we show Mg for Beet Western Yellow Virus 230 pseudoknot (BWYV PK), a 58-nucleotide fragment of the 231 ribosomal RNA (rRNA), and the aptamer domain of ade-232 nine riboswitch at di erent concentrations of monovalent and 233 magnesium ions. The BWYV PK folds in the presence of 234 monovalent ions without Mg 2+ . Our simulations show that if 235 the divalent ion concentration is increased, more of them are 236 attracted to the PK, which is in quantitative agreement with 237 experimental data. We also capture a more subtle experimen-238 tal finding that there is a decrease of Mg if the monovalent 239 ion concentration is increased from 54 mM to 79 mM, thereby 240 e ectively enhancing the competition with Mg 2+ binding.
241
For the rRNA and the riboswitch, the situation is more 242 complicated. Both of them partially unfold at low Mg 2+ con-243 centrations because tertiary interactions are disrupted. For 244 these two RNA molecules, in addition to Mg 2+ ion concentra-245 tion, Mg also strongly depends on the state of the RNA. At 246 low Mg 2+ concentrations, the equilibrium shifts to extended 247 states, which further decreases Mg . Interestingly, our simula-248 tions quantitatively reproduce Mg (see Fig. 2 ) over a broad 249 range of monovalent and divalent ion concentrations, for both 250 the rRNA and riboswitch (see below for additional results for 251 rRNA).
252
Divalent ion-dependent folding free energy of BWYV pseudo-253 knot. In a typical titration experiment, one often measures X 254 as a function of divalent ion concentrations in the presence of 255 excess monovalent ions (C2 π C1) (40, 66, 69-72). If the RNA 256 remains in a single state S (either F -folded, I -intermediate or 257 showing that there is an uptake of n (need not be an integer) 262 divalent cations by the RNA in the S state. Provided C2 π C1, 263 the free energy change associated with the equilibrium reaction 264 given above, GX,S, is related to X,S as,
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265
-GX,S = ≠kBT The folded structure of the BWYV PK ( Fig. 2A ) has two 281 Watson-Crick stems (S1 and S2 ) that are connected by two 282 small loops. The F state is stabilized by tertiary interactions 283 between the two loops and the two stems. The stem S1 has 5 284 G-C base pairs, while S2 has only 3 G-C base pairs. Therefore, 285 we anticipate that S2 should unfold first upon increasing the 286 temperature or lowering the salt concentration, as predicted by 287 the stability hypothesis (74). Both experiments (73) and our 288 previous simulations (30) have shown that BWYV does unfold 289 by three sequential equilibrium transitions as temperature 290 is increased, thus populating two intermediates. In one of 291 them, there is a loss of tertiary interactions but the stems are 292 intact. However, the probability of formation of such a state 293 is small. Thus, for practical purposes, the overall transition 294 to the unfolded state occurs by populating one intermediate, 295 F I U. 296 In order to calculate the free energies of the folding and 297 unfolding transitions, we first generated an ensemble of un-298 folded structures. We performed simulations of the I state by 299 disallowing interactions between base pairs in S2, while pre-300 serving the full interaction for S1, as shown in previous studies 301 (30, 73). The ensemble of such structures coincides with what 302 we observed in our thermal unfolding simulations ( Fig. S2 ). 303 We surmise that the simulated ensemble is the one probed in 304 the experiments (66), where all the nine 3'-terminal nucleotides 305 were mutated to uracil, thus preventing the formation of S2. 306 In the U state, both the stems are unfolded, which can be 307 mimicked by disrupting all the specific interactions within the 308 PK. This renders the PK essentially a polyelectrolyte domi-309 nated by Coulomb repulsions between the phosphate charges 310 and secondary stackings between consecutive bases.
311
With the simulated ensemble of U and I structures, we 312 calculated Mg,I and Mg,U . The results are shown in Fig. 3 at 313 two di erent KCl concentrations. The uptake of Mg 2+ in the 314 I and U states is less compared to the F state because they 315 adopt more expanded conformations with spatially separated 316 phosphate groups, thus weakening the electrostatic attraction. 317 The calculations of Mg,S are in quantitative agreement with 318 the experimental data. The di erence Mg = Mg,F ≠ Mg,I 319 between the two states is the number of Mg 2+ uptake in the 320 I F transition, which is shown in the inset in Fig. 3B 321 at two monovalent concentrations. We find a slight increase 322 in Mg as the Mg 2+ concentration increases, in agreement 323 with the direct measurement of Mg from the fluorescence 324 dye method (66). This is in accord with other experiments, 325 which have shown that for monovalent ions also exhibits 326 a dependence on salt concentration (43, 75). Our calculations, 327 therefore, do not support the Wyman linkage analysis used to 328 determine Mg , as this method yields a constant value for 329 Mg over the Mg 2+ concentration range (66). 330 We then calculated the free energy changes for all the states 331 using Eq. 7, and the results are shown in Fig. 3 . Interestingly, 332 Mg 2+ ions are also localized near the U and I states, albeit to a 333 lesser extent, demonstrating that it is important to characterize 334 Mg 2+ -RNA interactions not only in the F state but also 335 other relevant states along the folding pathway. For example, 336 at 1 mM Mg 2+ and 54 mM KCl, ∆G Mg,U ≥ ≠2 kcal/mol, 337 ∆G Mg,I ≥ ≠5 kcal/mol while ∆G Mg,F ≥ ≠7 kcal/mol. One 338 way to quantify the e ect of Mg 2+ addition on the folding 339 Mg 2+ dependence on the folding free energy is likely due to 345 the small size of this PK, whose folded state is stable even in 346 the absence of Mg 2+ (see Fig. S2B and S5). is evaluated by two ways using the thermodynamic cycle, In Fig. 6 , we show the results for the stabilization free 425 energies of the folding transitions upon addition of Mg 2+ ions, 426 ∆ G ---, calculated using Eq. 8. Data for Mg,S and ∆G Mg,S , 427 which were used to compute ∆ G ---, can be found in Fig. S7 . 428 ∆ G ---shows the change of the relative stability of the two 429 statesandupon addition of Mg 2+ on the -¡ -transition. 430 We explicitly show only ∆ GU-I and ∆ GU-F curves, but 431 ∆ GI-F can be calculated as the di erence between these two 432 curves, as Comparison between Mg 2+ and Ca 2+ ions. We also studied the 451 e ect of the cation size (Mg 2+ vs. Ca 2+ ) on RNA folding. We 452 computed the Ca 2+ -P e ective potential, V Ca-P (r), using the 453 same procedure used to obtain V Mg-P (r). Fig. 7A compares 454 the e ective potentials of the two ions. A major di erence 455 between V Ca-P (r) and V Mg-P (r) is that the barrier separating 456 the inner shell and outer shell binding in Ca 2+ is much lower 457 than in Mg 2+ . This di erence arises because the charge density 458 of Mg 2+ is much higher than Ca 2+ , which results in orders of 459 magnitude di erence in the water exchange kinetics between 460 Mg 2+ and Ca 2+ (76). It is also in accord with the observation 461 that the interaction of Mg 2+ with water in the first hydration 462 shell is stronger than in Ca 2+ (Fig. S10) .
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463 Fig. 7B shows the radial distribution function, g X-P (r), 464 between the divalent ions and phosphate groups in BWYV 465 PK. It is obvious that our model accounts for both types 466 of binding. The presence of inner and outer shell binding 467 G I-F is the difference between these two free energies mM KCl is presented here, data for other KCl concentrations can be found in the SI (Fig. S6 ). The rRNA reaches its native states at high divalent ion concentrations using our model, but does not easily fold at any Mg 2+ concentration should the Debye-Hückel potential be used.
of Mg 2+ to P is indicated by two visible peaks in g Mg-P (r).
468
The first peak is located at r ≥ 2.4 Å and the second is at shell, while Mg 2+ coordination is roughly similar between the 490 inner and outer shell. A more detailed study will be reported 491 in a subsequent publication.
492
In addition, we also show in Fig. 7 data for Mg 2+ assuming 493 that the Mg 2+ -P interaction is given by the DH potential 494 (green curves). In the g Mg-P (r) plot (Fig. 7B) , the DH po-495 tential completely misses the second peak and the first peak 496 is also much lower compared to our model. This leads to 497 lower a nity with the phosphate groups, resulting to fewer 498 ions accumulated around the RNA. When applying the DH 499 potential to rRNA folding, we find that the RNA does not 500 fold, but rather adopts much more extended conformations, 501 which is directly related to the small uptake of ions, at all 502 Mg 2+ concentrations ( Fig. 7C and D) . Our model thus reveals 503 the importance of treating Mg 2+ -P interaction accurately in 504 order to faithfully capture both structural and thermodynamic 505 features of Mg 2+ -assisted RNA folding.
506
Importance of outer-sphere Mg 2+ -P coordination. One of the 507 key predictions of this work is that accurate predictions of RNA 508 folding thermodynamics require a consistent description of 509 both the inner and outer sphere coordination of divalent cations 510 to phosphate groups. In order to assess the importance of the 511 outer sphere coordination, we created a potential that retains 512 the inner shell interaction between Mg 2+ -P, while smoothly 513 joining the outer shell interaction with the DH potential (see 514 Fig. 8A ). In so doing all the outer shell interactions between 515 the Mg 2+ -RNA interaction, and therefore the Mg 2+ -RNA 529 free energy, is extremely sensitive to the Mg 2+ -P interaction.
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In rRNA, the situation is even more pronounced (Fig. 8C ). Be- In this study, we have introduced a new method to capture 545 the impact of a solution containing a mixture of monovalent 546 and divalent cations on RNA folding. In our model, based 547 in part on liquid state theory, divalent cations are treated ex-548 plicitly while the screening e ect of monovalent salt is treated 549 implicitly. We reasoned that since the DH theory works well 550 at long range (in fact, the DH theory gives asymptotically 551 correct results at long distances), we could improve the di-552 valent cation interactions by modifying the hard to describe 553 short-ranged interactions. To obtain the short-ranged inter-554 actions, we used RISM theory to compute the PMF between 555 divalent cation-phosphate group and combined it with the 556 long-ranged part of the DH potential to obtain the e ective 557 potential V X-P (r). Applications to three RNA molecules, with 558 di erent sequences and structures, illustrate that our theory 559 quantitatively reproduce the Mg 2+ preferential interaction 560 coe cients and Mg 2+ -RNA free energies for di erent combi-561 nations of ion concentrations. The transition free energies as 562 the RNA traverses along the folding pathway are also in re-563 markable agreement with experimental data. The simulations 564 not only reproduce thermodynamics of divalent cation bind-565 ing to the RNA but also recapitulate the correlation between 566 divalent cation concentration and RNA folding. In addition, 567 we presented the e ects of divalent cations on secondary and 568 tertiary structure formations for an RNA construct and its 569 dependence on monovalent concentrations.
570
The di erence in the divalent cation-RNA interactions 571 between our model and DH theory occurs only in the short-572 ranged part, r X-P AE 10 Å (little di erence exists from r ≥ 6≠10 573 Å in Fig. 1) . Nonetheless, such a di erence proves to be very 574 crucial in obtaining the correct divalent cation binding free 575 energies, as it translates to at least~2.0 kcal/mol deviation 576 of G Mg,F for BWYV ( Fig. S9) . We also show that in order 577 to obtain the correct divalent ion-RNA binding free energies, 578 it is important to take into account both inner and outer shell 579 interaction accurately. A deviation of only 0.2 kcal/mol in 580 the divalent cation-P potential could lead to a substantial 581
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decrease in the number of bound ions. In complex RNAs whose 582 folding depends on divalent ions, loss of bound ions could even 583 cause the RNAs to be thermodynamically unstable even at 584 elevated ion concentrations. It is also worth stating that since 585 our model treats monovalent ions implicitly, it has a large 586 advantage over fully explicit ion models in terms of simulation 587 performance, and could be used to study much more larger 588 RNA molecules including RNA-protein interactions. Indeed, 589 our theory is su ciently general that it can be applied to implicitly. This leaves us with the task of calculating the e ective interactions between the divalent cations and RNA. Our 23 primary goal is to calculate the potential of mean force (PMF), W (r), between Mg 2+ /Ca 2+ and phosphate (Eq. 5 in the main 24 text), which can be used in simulations of divalent cation-induced folding of RNA. In order to calculate W (r), we resort to the 25 well-known RISM theory, which was developed to calculate the equilibrium site-site distributions of polyatomic liquids and 26 their associated thermodynamic properties (2-8). The theory has two versions: one is a 1-dimensional RISM (or 1D-RISM) 27 and the other is a 3-dimensional RISM (3D-RISM). The former provides the radial distribution functions, gij (r), between 28 every interaction site in the system. The latter couples the 1D radial information and the 3D structure of the biomolecule to 29 yield the solvent structure around the biomolecule in the form of a 3D site distribution function, gi (r), for each solvent site.
30
Because the theory and implementation are widely known, here we only give a very brief summary of the 1D-RISM that is 31 most directly relevant to our work. 32 We begin with the Ornstein-Zernike (OZ) equation:
where rij is the distance between particles i and j, c is the direct correlation function, and h-the total correlation function-is [3]
42
The HNC closure gives good results for ionic and polar systems, but not for neutral systems. Moreover, it is di cult to find 43 converged solutions (6, 9, 10). To resolve these problems, Kovalenko-Hirata (KH) introduced the following closure relation:
[4]
46
The partial series expansion of order-n (PSE-n) o ers a way to interpolate between Eqs. 3 and 4, which improves the results of the KH closure while circumventing the convergence issues associated with the HNC closure: (12) 48
Hence, KH is the special case of PSE closure when n = 1. In the limit n ae OE, HNC is obtained. 1 Rmin,12 r 2 6 6 .
[5]
53
Recently, a 12-6-4 LJ potential was proposed to account for the ion-induced dipole moment interaction, which proved to be 54 important for divalent ions (14) . With this scheme, the LJ interaction (the second term in Eq. 5) is modified as: if r AE Dij = Ri + Rj. If r > Dij then we set UEV = 0. To allow for favorable base stacking, we set DBB = 3.2 Å. It is not 97 necessary to include excluded volume interactions between the divalent cation and P as it is taken into account in the e ective 98 potential displayed in Figs. 1 and 7A in the main text. The full set of parameters used in the simulations is given in Table S1 . Electrostatic interactions U EL . We developed a new way to treat the interaction of ions with a charged phosphate group. A ions, C2 (r), plateaus at large separation from the RNA (Fig. S4 ). The preferential interaction coe cient is then evaluated as X 2+ = C2 s ! C 2 (r)
dr. In practice, we truncated the integration at the distance where C2 (r) = C2. data from experiments (35), solid lines are from simulations. We should stress that UV absorbance data is not the same physical variable as Cv, which is computed using the fluctuations in energy. Therefore, for the purposes of comparison, only the peak positions are relevant. The differences in the major melting temperature between the simulations and experiments are~9°C at 20 mM KCl (no Mg 2+ ) and~5°C at 60 mM KCl + 1 mM MgCl2. The comparison further demonstrates that the agreement between simulations and experiments is excellent. (red) and Ca 2+ (blue) computed for BWYV at 54 mM KCl. Calculations were also performed for Mg 2+ , in which the interactions are treated at the Debye-Huckel level (green).
Fig. S10
. g(r) between divalent ion and water computed from RISM theory.
